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Abstract 

We show a connection formula of the g-confluent hypergeometric 
function. We introduce the g-Borel and g-Laplace transformations 
following C. Zhang to obtain the connection formula. Combining with 
Zhang's formula, we show the connection matrix. We give the limit 
g — 1 — of our connection formula. 



1 Introduction 

We show a new connection formula of solutions to the g-confluent hypergeo- 
metric equation 

(1 — ahqx)u{q^x) — {1 — (a + h)qx} u{qx) — qxu{x) = 0. (1) 
The equation ([1]) has solutions 

ui{x) = 2^o{a, b; q, x), U2{x) = 2fi (^-, j^; 0; q, abx j 

around the origin and has solutions 



Vi[X) 



X 2V5i a,0;— ;g, — , V2{x) = x ''2^1 [ b,0; —; q, — 
V abx/ \ a abx 
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around the infinity. Here q'^ = a and = b. 

The connection formula of a g-difference hnear equation of the second 
order is a hnear relation between ui{x),U2{x) and vi{x),V2{x): 

ui{x)\ ^ /Cii(x) Ci2{x)\ 

U2{x)J \C2l{x) C22{x)) \y2{x) 

where the connection coefficient Cjk{x) is a g-periodic function. 

Zhang has shown a connection formula for Ui{x) [Sj. We show a connec- 
tion formula for U2{x): 

2fi[q/a, q/b; 0; g, abx) = — — r 2'fi{a, 0; aq/b; q, 1/abx) 



{b/a;q)oc {abx;q)oc 
jq/b; q)oo {bqx,l/bx; q)^ 
{a/b]q)oo {abx]q) 

oo 



-29?i(6, 0; bq/a; g, 1/abx). 



Since Ui{x) is a divergent series, the g-Stokes phenomenon appears in 
Zhang's connection formula. But our connection formula does not have any 
discontinuity. 

We fix our notations, following by [2]. The function (a; g)„ is the g-shifted 
factorial: 



{a;q)n 



1, 



'1 — a)(l — ag) ■ ■ ■ (1 — ag 
(a; g)oo = lim (a; g), 



n-l^ 



n = 0, 
n > 1, 



and 



(ai, a2, ■ ■ ■ , a^; g)oo = (oi; g)oo(a2; g)oo ■ ■ ■ {am] q) 
Moreover, the basic hypergeometric series ^V^s is 

(o-i, ■ ■ ■ , flr-; g)n 



r^s{.CLi, ■■■ ,ar]bi, - ■■ , 6^; g, x) := ^ 



n>0 



- ,bs;q)n{q;q)n 



-l)"g 



ri(n — 1) 
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We assume that g G C* satisfies < |g| < 1. The g-difference operator ag is 
given by (jqf{x) = f{qx). The theta function of Jacobi is given by following 
series: 

e^{x) := g'^x", Vx G C*. 



We denote by Oq{x) or more shortly 9{x). Jacobi's triple product identity is 



e{x) = (q, -X, --; q 
V X 



X / oo 

The theta function has inversion formula 6{x) = x9{l/x). For all fixed 
A G C*, we define a g-spiral [A; q] := \q^ = {Ag'^; k G Z}. We remark that 
6{\q^ /x) = if and only if x G [—A; q]. 

We study connection problems on linear g-difference equations with irreg- 
ular singular points. Connection problems on linear g-difference equations of 
the Laplace type [5] with regular singular points are studied by G. D. Birkhoff 
[1]. Generically, linear g-difference equations has formal power series solu- 
tions x"- 'Ylin>o (^nx"' around the origin and x'^ J2n>o ^nX""' around the infinity. 
But on connection problems on linear g-difference equations, we replace the 
function x^ with the function 6{x)/6{kx), where k = q^. Then, the funda- 
mental system of solutions are given by single valued functions which have 
single poles at suitable g-spirals. The first example is given by G. N. Watson 
[B] . But a few examples of irregular singular case are known [3 El S] • In this 
paper, we give a connection formula of the g-confluent type function with 
using g-Borel-Laplace transformations. 

At first, we review the confluent hypergeometric equation (CHGE). In 
1812, C. F. Gauss introduced the hypergeometric series 2Fi{a, (3]'j; z) as 
follows: 

2Fl(a,/3;7;^) = 5^^^^^^ 7 0, -1, -2, ■ • ■ . (2) 

n>0 

Here, 

{a)n = + 1} ■ ■ ■ {a + (n — 1)}. 
More generally, the generalized hypergeometric series is given by 



rFs{ai, ■ ■ ■ ,ar;(3i, - ■ ■ ,f3s;z) = ^ 



n>0 



z . 



The hypergeometric function 2-Fi(a,/3;7; z) satisfies the second order differ- 
ential equation 

z{l-z)— + {^-{a + P + l)z} — -aPu = Q. (3) 
dz^ dz 
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Gauss gives the connection formula of the function 2-^1 («,/?; 7, 2;). We put 
z ^ z/P and take the hmit /3 — )■ 00 in the equation ([3]), we obtain the 
confluent hypergeometric equation (CHGE) 

(Pu , .du 

Solutions of dl]) around the origin are 

ui{z) = iFi{a;'y;z) (5) 

and 

U2{z) = z'-\Fi{a-^ + l,2-^,z). (6) 
Solutions around the infinity are given by divergent series 

v,iz) = {-z)-^2Fo{a, a - 7 + 1; l/z) (7) 

and 

V2iz) = e'z''-\Foil - «, 7 - «; -; 1/z). (8) 
A well-known connection formula between ([7]), ([H]) and ([5]) is given by 

7; z) ~— ^^(-2;)-%Fo(«, « - 7 + 1; -; -1/z) 
r(7 - a) 

+ ^e'z'^-^Foil - a, 7 - a; -; l/z) 
r(a) 

where — 7r/2 < arg2; < 37r/2. We remark that the connection formula for 
second solution around the infinity (|6]) can be derived from the first one. 
In section two, we deal with the degenaration of the equation which is 
slightly different from standard way. 

It is known that there exists the g-analogue of 2-Fi(tt, 7; 2;), which is 
introduced by E. Heine in 1847 as follows: 



2(pi{a,b;c;q,x) := ^ 



{a;q)nib; q)n ^^ 
(c;g)„(g;g)„ 



n>0 

The function 2V^i(a, b; c; q, x) satisfies the second order g-difference equa- 
tion (g-HGE) 

l-c (1 - a){l - b) - (1 - abq) 



x{c — abqx)V u + 



1 — g 1 ~ 

l-a)(l-fe) , , 



-X 



VqU (9) 
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where Vg is the g-derivative operator defined for fixed q by 

f{x) - f{qx) 



[l-q)x 



By replacing a, b, c by g", q'^, q^ and then letting g — j- 1 — 0, the equa- 
tion ([9]) tends to the hypergeometric equation ([3]) where |a;| < 1. The q- 
hypergeometric equation <^ can be rewritten as follows: 

(c — ahqx)u{(f'x) — {c + g — (a + h)qx} u{qx) + g(l — x)u{x) = 0. (10) 

If we set X ^-)■ cx and c — )■ oo in flTU]) . we obtain the g-confiuent hypergeomet- 
ric equation ([T]). The equation ([T]) is considered as a g-analogue of CHGE. 
We remark that the first solution ui{x) is a divergent series and U2{x) is a 
convergent around the origin. The second solution U2{x) can not be derived 
from Ui{x) directly. This point is essentially different from the differential 
equation case. 

Connection problems on linear g-difference equations between the origin 
and the infinity are studied by G. D. Birkhoff [1]. In 1910, Watson |6] has 
shown the connection formula of the series 2</5i(a; b; c; g, x) as follows: 

. , X (6,c/a;g)oo(ax,g/ax;g)oo , , , , . 

2V2i [a,b] c;q;x) = , , . , 1—^ 2V^i [a,aq/c] aq/b; q, cq/abx) 

yc, uj o, qj^\x, qj x, q)oo 

{a,c/b;q)oo{bx,q/bx;q)^ , , . 

We remark that we can not set c = directly in this formula. 

In 2002, C. Zhang [9] shows one of the connection formula of the g-CHGE 
as follows: 

Ma, b; A, g, x) = 0' T' ^' ^ j (^1) 



The function 2/0(0, A, g, x) is the g-Borel-Laplace transform of 2'^q{o,, b; — ; g, x) 
i.e., 

2/0(0, A, g, x) := o i3+2V^o(a, -; q, x). 
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The g-Borel-Laplace transformations are studied by C. Zhang in [S] (see sec- 
tion two for more details). When we study connection problems of divergent 
series, this resummation method becomes a powerful tool. We remark that 
we can find a new parameter A in the resummation 2/0(0, b; A, q, x). This pa- 
rameter brings us new viewpoints for the study of the g-Stokes phenomenon. 

It is known that there exists two different types of the g-Borel transforma- 
tion and the g-Laplace transformation. The g-Borel-Laplace transformation 
of the first kind are defined in [9] and the g-Borel-Laplace transformations 
of the second kind are studied in [8]. These g-Borel transformations are the 
formal inverse transformation of each of the g-Laplace transformations. 

Zhang has shown a connection formula of the series 2fo{ci'jb; — ;g, x) by 
the g-Borel-Laplace transformations of the first kind. But the connection for- 
mula for the second solution of ([1]) has not known. In this paper, we show the 
second connection formula for g-CHGE with using the g-Borel transforma- 
tion and the g-Laplace transformation of the second kind. Combining with 
Zhang's connection formula, we obtain the following connection in section 
two: 

Theorem. For any A, /i G C*, x G C* \ [1; q] U [—fi/a; q] U [—A; q], we have 

f 2/o(«, b] A, g, x)\ ^ / C^(a, 6; g, x) C^{b, a; g, x)\ f S^{a, b; g, x)\ 
V 2/1(0, &;g,x) J \C^{a,b]q,x) Cf,{b,a]q,x)) \Sf,{b,a;q,x)J ' 

The set [A; g] is the g-spiral. The function 2fi{o.,b;q,x) is the g-Borel- 
Laplace transform of 2^1(0,, b; 0; g, x). The function S^{a, b; g, x) is the solu- 
tion of (II]) around the infinity as follows; 

e{afix) ( r. aq q \ 

We remark that the function x"" in the solution vi{x) is replaced with the 
function 9{a^x)/9{fix), where a = g". Functions C^{a,b]q,x), C^(a, 6;g, x) 
are g-elliptic functions. 

In section three, we consider the limit g — t- 1—0 of our connection formula. 
If we take a limit g — ?■ 1 — of our connection formula, we formally obtain 
the connection formula of the confluent hypergeometric series 2-Fo- 
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2 The connection formula and the connection 
matrix 

We review a g-confluent hypergeometric equation in subsection 2.1. Then 
we show a connection formula for the g-confluent hypergeometric function, 
which is different from Zhang's formula. 



2.1 Confluent hypergeometric equation 

For the confluent hypergeometric equation (j3]), we take another degeneration. 
We put zy^ and the take the limit 7 — > 0. Then we obtain 

'"'S - {1 - (« + /3 + 1)4 ^ + = 0- (12) 
Solutions of (fT2|) around the origin are given by divergent series 

ui{z) = 2Fo{a,(3; -,z) 

and 

u^iz) = e^(-^)i-"-^Fo(l - «, 1 - /3; -, z). 
Solutions around the infinity are 

vi{z) = {-zY^Fi{a, 1 + a - /3, -l/z) 

and 

V2{z) = i-z)\Fii(3, l + (3-a, -l/z). 
We consider the following second order g-difference equation 

, / ^ f 1 (l-a)(l-b)-(l~abq) 1 ^ , , 

X -1 + abqx)D\(x) + <^ ^ ^ —x } Dquix) 

yl-q 1 - g J 

(l-a)(l-6) , , ^ 

+ (ilV "W = °- 

This equation can be rewritten as follows: 

(1 — abqx)u{xq^) — {1 — (a + b)qx} u{xq) — qxu{x) = 0, (13) 
which is called a g-confluent hypergeometric equation. 
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2.2 Local solutions to the g-confluent hypergeometric 
equation 

In the following, we study connection problem of f[T^ . At first we show local 
solutions to ffT^ around x = and x = oo. 



Lemma 1. The equation US]) has solutions 



ui{x) = 2(po{a,b;-;q,x), (14) 
u,{x) = —--^,^,[-,-;0;q,abx) (15) 



6(—qx) Va' b 
around the origin and has solutions 



VAX 



x-Vi(a,0;^;g,J^), (16) 
V2{x) = x~'^2^i ib,0;—;q, — j , (17) 



around the infinity, provided that a = q°' and b = q^ . 

Proof. We show a fundamental system of solutions of (fT3l) around x = 0. We 
set u{x) = J2n>o ^nx"' , ao = 1. Then we obtain 

ui{x) = 2V5o(a, -]q,x). 

We find another solution. We set S{x) = l/9{—qx) and f{x) = J2n>o^nX"', 
ao = 1 to obtain the solution around the origin. We assume that u{x) = 
S{x)f{x). We remark that the function S{x) has following property: 

aq£{x) = —qxS{x), a'^S{x) = q'^x'^£{x). 

Therefore, we obtain the equation 

[q^x{l - abqx)al + g {1 - (a + b)qx} aq - q] f{x) = 0. (18) 

Since the infinite product [abx; q)oo satisfies the following g-difference relation 

ag{abx] g)oo = - — ^——{abx; q)^, 
1 — abx 
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we obtain the second solution. Therefore, solutions of the equation (IT^ are 
given by 

ui{x) = 2^o{a, b; -; q, x), U2{x) = 2^1 (^-, pO;q, abx j . 

Around x = 00, we can easily determine local solutions by setting 

9{afix) 



^(/^^) n>0 

for any fixed /i G C* and x E C* \ [— /i; q]. □ 

Here, Ui{x) is a divergent series and U2{x),Vi{x) and f2(x) are convergent 
series [2]. Therefore, the g-Stokes phenomenon occurs for ui{x) and Zhang 
has shown a connection formula for Ui{x) be means of the following g-Borel- 
Laplace transformations of the first kind [9]. 

Definition 1. For any f{x) = '^n>o^nX"' , The q-Borel transformation B'^ 
is 

n>0 

the q-Laplace transformation is 

nGZ \ X ) 

C. Zhang has determined a resummation of fll4p by the g-Borel-Laplace 
transformations of the first kind as follows: 

2/0(0, b; A, q, x) := C^^^ o i3+2V5o(a, b] g, x). 

Then he has given a connection formula for 2fo{0'i b] A, q, x). 

rt h\ \ (b; q) 00 0{aX)e [3^] f ^ aq q\ 

+ /« _\ /I/XN /, /ox\ 2V5i 0, U, — , q, 



for X eC*\ [-\;q]. 

But the connection formula between (fT5|) and (fT6l) . f|T7|) is not known. 
In the next section, we show the second connection formula with using the 
g-Borel-Laplace transformations of the second kind. 
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2.3 The second connection formula 

We introduce the g-Borel transformation and the g-Laplace transformation 
of the second kind following C. Zhang to obtain the solution of the equation 



Definition 2. For f{x) = Yln>o^rit^ > q-Borel transformation is defined 
by 

n>0 

and the q-Laplace transformation is given by 



(^.-«) 2^ (i)f- 



151= 

Here, tq > is enough small number. The g-Borel transformation is 
considered as a formal inverse of the g-Laplace transformation. 

Lemma 2. We assume that the function f can be q-Borel transformed to the 
analytic function g{C,) around { = 0. Then, we have 

o B;f = f. 

Proof. We can show this lemma calculating residues of the g-Laplace trans- 
formation around the origin. □ 

The g-Borel transformation satisfies the following operational relation. 

Lemma 3. For any l,m ^ Z>0; 

/ ; \ m(m — 1) , 

(x-aj) = q ^r<"^S-. 

We apply the g-Borel transformation to the equation ( fT8|) and using 
Lemma [3l We check out g{C,) satisfies the first order difference equation 

(1 + qX) 

Since g{0) = = 1, we have the infinite product of g{C,) as follows; 



9(0 



-qa^;q)oo{-qb^;q) 
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We remark that g{C,) has single poles at 



We set 

< r < To := max 



ag|' \bq\ 

and choose the radius r > such that < r < rg. By Cauchy's residue 
theorem, the p-Laplace transform of g{C,) is 



fix) =— / gioe 



fc>o / 



bqk+i 



k>0 

where < r < tq. We use the following lemma to calculate the residue. 
Lemma 4. For any A; G N, A G C*, we have; 



1. Res <^ , - : C = Ag"'^ 



1 1 . .^.^A {-if^'q 



fc(fc+i) 

2 



{M~'';q)oo (A;g)oo(g/A;g)fc' 
Summing up all of residues, we obtain f{x) as follows: 



{t^q;q)oo ^(-q^) v ' ' « ' ' 

Therefore, we obtain the following theorem. 
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U2[X] 



Theorem 1. For any x ^ [1; q], we have 

{abx;q)oc f Q 1 a u 

e(-gx) ^ H ' ' 6 ' ' abx 
+ 775 ^ — 777 r2^l '^1 u, — , q, 



(f,?;g)^ ^(-gx) V ' ' a ' ' ahx 
2.4 The connection matrix 

We give the connection matrix for the equation ([1]). We define new functions 

S^{a,b]q,x), C^{a,b;q,x) and C^{a,b]q,x). For any A, /i G C*, x E C* \ 
5*^(0,6; is 

Sf,{a, b] q, X) := -J(J^2^i [a, 0; y ; g, — 

The function 6{afix)/6{fix) satisfies the following g-difference equation 

u(qx) = -u(x) 
a 

which is also satisfied by the function u{x) = x~°', a = q"'. We remark that 
the pair {S^{a, b; q, x), 5^(6, a; q, x)) gives a fundamental system of solutions 
of the equation ([T]) if a, 6 ^ Z. We set functions C^(a, b; g, x) and C^(a, b; g, x) 
as follow; 

Definition 3. For any X, fi E C* , C^{a, b; g, x) is 
Similarly, C^{a,b;q,x) is 



C^{a,b;q,x) 



^(-ga;) ^(a/ix) 
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Then C^{a, b; q, x) and C^(a, b; q, x) are single valued as a function of x. 
They satisfy the following relation 

C^ia, b- q, e^^'x) = C^ia, b; q, x), C^(a, b; q, qx) = C^(a, b; q, x) 

and 

C^(a, b; q, e^'^'x) = C^{a, b; g, x), C^{a, b; q, qx) = C^{a, b; q, x). 
i.e. Cl^{a,b;q,x) and C^{a,b;q,x) are g-elliptic functions. We set 

2/1 (a, o; q, X) := U2[x) = ifi (^-, 0; g, abx j . 

Combining Zhang's formula f|TT]) and Theorem [H we obtain the connection 
formula in matrix form. 

Theorem 2. For any X, fi E C* , x E C* \ [1; q] U [— yu/a; q] U [—A; q], we have 

2/o(a, &; A, g, x)\ ^ / C^(a, 6; g, x) a; g, x)\ / S'^(a, b; g, x)\ 

2/i(a,6;g,x) y \^C^(a, 6; g, x) C^{b,a]q,x)) \Sf,{b,a;q,x)J ' 

3 The limit 1 — of the connection for- 

mula 

In this section, we show the limit g — )■ 1 — of our connection formula. In 
[9], Zhang has given the limit g —i- 1 — of as follows: 



Theorem 3 (Zhang). For any a, /3 G C*(a — /3 ^ Z) and z in any compact 
domain of C* \ [— oo,0], we have 



lim o/o (g",/;A,g, — 
(^1-0 y (1 



q^l-0 \^ (1 - g) / T[p) \ Z 

Fa V z 



Our limit of the connection formula in theorem 1 is different from the 
theorem above. The aim of this section is to give the following theorem. 
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Theorem 4. The limit g — t- 1 — of our connection formula formally gives 
the following asymptotic formula; 

r(i-a) V 



We review some limits. According to [7], we have the foUowing proposi- 
tion. We take principal value of the logarithm on C* \ (— oo, 0]. 

Proposition 1. For any 7 G C*, we have 



lim i^(l-g)-^ = M-^ 



,^1-0 g 

1-q 

converges uniformly on compact subset ofC\ (— oo,0]. 

We also review the g-gamma function Tq{-) and the g-exponential function 
Eq{-). The g-gamma function is defined by 



This function satisfies \imq^i^oTq{x) = T{x) [2]. The g-exponential function 



Eq{-) is 



n(n-l)/2 



n>0 



{q; (l)n 



The function Eq{-) satisfies the following limit. In this sense, the g-exponential 
function is considered as a g-analogue of the exponential function: 

lim Eq (z(l - g)) = e\ 

We set a = g", b = and x = z/{l — q) in the theorem [H We introduce 
new constant w{a, (3; q) as follows: 

^/;(a,/3;g):=(g;g)oo(l-g)'-"-^ 
We consider each side of the limit g — )■ 1—0 of w{a, (3; g)2/i (g", q^', g, z/ (1 — g)). 
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Lemma 5. For any a, /3 G C*, (a — /3 ^ Z), we have 

Ihn w{a, /3; q) ^ / \^ ^Vi 0; q, \ 

q^i-o qI \ 1-g 

= {-zf-'^-^e-^^Foil - «, 1 - /3; -, z). 
Proof. We remark that 



we obtain the conclusion. 

We consider the other hand side. 
Lemma 6. For any a, P & C*, (a — /3 ^ Z), we have 

^lim^w^(a, /3, 9)2/1 (^g"", q^; g, -^^3^) ^ r(l - a) (^a; a + 1 

Proof. We remark that 



we obtain the conclusion 



l-g 
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Combining lemma and lemma El we obtain the theorem |H 
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